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ALMOST UNIVERSAL WEIGHTED TERNARY SUMS
OF POLYGONAL NUMBERS
SIU HANG MAN AND ARCHIE MEHTA
Abstract. For a natural number m, generalized m-gonal numbers are defined by the formula
pm(x) =
(m−2)x2−(m−4)x
2
with x ∈ Z. In this paper, we determine a criterion on a, b, c,m for which
the weighted ternary sum Pa,b,c,m := apm(x) + bpm(y) + cpm(z) is almost universal. We also prove
for some a, b, c,m that the form Pa,b,c,m is not almost universal, while it represents all possible
congruence classes.
1. Introduction
For m ∈ N, the x-th generalized m-gonal number is defined to be pm(x) =
(m−2)x2−(m−4)x
2 ,
where x ∈ Z. These sets of numbers have aroused the interest of many mathematicians in the past
centuries. In 1813, Cauchy proved that every natural number is a sum of at most m many m-gonal
numbers, a conjecture raised by Fermat in 1638 [1]. Nevertheless, for large enough n ∈ N, it is
likely that one can represent n with many fewer m-gonal numbers. Indeed, Haensch and Kane [4]
proved that for m 6≡ 2 (mod 3) and 4 ∤ m, every large enough n ∈ N can be written as the sum of
3 m-gonal numbers.
For fixed values ofm (e.g. m = 4 for square numbers), it is also natural to consider representations
of integers by weighted sums. For example, for m = 4, one considers representations of n ∈ N0 as
ternary weighted sums of squares, i.e.,
n = ax2 + by2 + cz2, (1.1)
where a, b, c ∈ N are considered to be fixed. The first consideration is a local one, since integers
not represented modulo a given modulus clearly cannot be represented globally. For example, the
entire congruence class n = 8k + 7 cannot be represented as the sum of 3 squares because this
identity is not soluble in Z/8Z. Unfortunately, this is part of a much more general phenomenon.
No matter how a, b, c are chosen, there is always a local obstruction for (1.1); that is, there exists a
congruence class that is not represented at all. Nevertheless, this suggests another possible direction
of generalisation to the problem: for a fixed value of m, what weights a, b, c can one choose so that
Pa,b,c,m(x, y, z) := apm(x) + bpm(y) + cpm(z) (1.2)
is almost universal, (i.e., represents all sufficiently large n ∈ N). In this direction, Kane and
Sun [5] obtained a near-classification of almost universal weighted sums of triangular numbers
(corresponding to m = 3 and more generally weighted mixed ternary sum of triangular and square
numbers; this classification was later completed by Chan–Oh [3] and Chan–Haensch [2].
As demonstrated above, this traditional old problem has two main directions of generalisation,
one on the value of m, and the other on the weighting a, b, c. In this paper, we combine these two
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directions, allowing a, b, c andm all to vary and studying whether the form Pa,b,c,m in (1.2) is almost
universal or not. We begin with a necessary condition about local obstructions; namely, for a form
to be almost universal, it must represent all possible congruence classes. However, the absence of
local obstruction does not guarantee that the form is almost universal. To better investigate this
issue, we define
Sa,b,c,m =
{
n ∈ N| 6 ∃(x, y, z) ∈ Z3 with Pa,b,c,m(x, y, z) = n
}
,
Sta,b,c,m =
{
n ∈ Sa,b,c,m|∃r ∈ Z such that 8(m− 2)n + (a+ b+ c)(m− 4)
2 = tr2
}
,
and for T ⊆ N,
STa,b,c,m =
⋃
t∈T
Sta,b,c,m.
Roughly speaking, one may use the analytic theory of quadratic forms to show that if the form
Pa,b,c,m has no local obstructions and every integer is locally “primitively” represented, then there
exists a finite subset T of N for which the set Sa,b,c,m\S
T
a,b,c,m is finite. Clearly, if T = ∅, then
the form Pa,b,c,m is almost universal. As a result, we obtain the following theorem on almost
universality:
Theorem 1.1. Suppose Pa,b,c,m is a form without local obstructions (i.e. every possible congruence
class is represented by the form). Let ℓn := 8(m − 2)n + (a + b + c)(m − 4)
2, u = gcdn≥0 ℓn, s be
the square part of u, ℓ′n = ℓn/s, and T be the set of positive integral divisors of gcd(4(m − 2), ℓ
′
n).
If the congruence equation
tr2 ≡ (a+ b+ c)(m − 4)2 (mod 8(m− 2)) (1.3)
is not solvable for every t ∈ T , then Pa,b,c,m is almost universal.
It is natural to investigate whether there exist forms with no local obstructions (and for which
the ternary weighted sum of squares primitively represents the congruence class of interest) which
are not almost universal. In order to study this, we rely on the approach introduced by Haensch
and Kane [4], utilising analogues and generalisations of the Siegel–Weil formula. Let L0 be a lattice
in a positive definite space (for our purpose, we assume dim(L0) = 3), and cls/ gen(L0) be the set
of class representatives in the genus of L0. The Siegel–Weil formula states that the weighted sum
of theta series
Egen(L0) :=

 ∑
L∈cls/ gen(L0)
ω−1L


−1 ∑
L∈cls/ gen(L0)
ΘL
ωL
(1.4)
is an Eisenstein series. Here ΘL denotes the theta function associated to L, defined by
ΘL(τ) =
∑
n≥0
rL(n)q
n,
where rL(n) is the number of solutions x ∈ Z
3 to the equation xTLx = n; and ωL is the number of
automorphs of the lattice L (i.e. the number of linear transformations that map L to itself).
An analogue that sums over representatives in the spinor genus spn(L0) was proven by Schulze-
Pillot [16, 17]: 
 ∑
L∈cls/ spn(L0)
ω−1L


−1 ∑
L∈cls/ spn(L0)
ΘL
ωL
= Egen(L0) + Uspn(L0), (1.5)
where Uspn(L0) is a linear combination of unary theta functions (see (4.3)).
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A generalisation of the Siegel-Weil formula from a lattice L to an arbitrary lattice coset L + ν
(with ν ∈ QL) was proven by Shimura [7]; namely, the weighted sum of theta series
Egen(L+ν) :=

 ∑
M+µ∈cls/ gen(L+ν)
ω−1M+µ


−1 ∑
M+µ∈cls/ gen(L+ν)
ΘM+µ
ωM+µ
(1.6)
is also an Eisenstein series. Here gen(L+ ν) (see (??)), ΘM+µ, and ωM+µ are defined analogously
to the their lattice counterparts.
Haensch and Kane [4] conjectured the spinor genus analogue of the generalised Siegel–Weil for-
mula by Shimura:
Conjecture 1.2. The equation
 ∑
M+µ∈cls/ spn(L+ν)
ω−1M+µ


−1 ∑
M+µ∈cls/ spn(L+ν)
ΘM+µ
ωM+µ
= Espn(L+ν) + Uspn(L+ν) (1.7)
holds, where Uspn(L+ν) is again a linear combination of unary theta functions.
In [4], this conjecture was verified for the lattice coset corresponding to the form P1,1,1,14, and it
was proven that P1,1,1,14 is not almost universal even though it has no local obstructions. In this
paper, we verify the conjecture for the lattice coset corresponding to the form P1,1,3,17, a form with
non-trivial weighting, and prove that P1,1,3,17 is also not almost universal while having no local
obstructions. The idea of proof is analogous to that in [4]. We consider the Fourier expansion of
the equation (1.7). Using the combinatorial interpretation of the Fourier coefficients of the theta
series, one immediately concludes that these coefficients are always non-negative. Hence if the ℓth
coefficient of Espn(L+ν)+Uspn(L+ν) vanishes, it must vanish for every ΘM+µ withM+µ ∈ spn(L+ν).
In particular, the ℓth coefficient of the theta series ΘL+ν counts the number of representations of
ℓ by the form P1,1,3,17, and we conclude that if infinitely many coefficients of Espn(L+ν) + Uspn(L+ν)
are zero, then there are infinitely many integers ℓ which are not represented by the form P1,1,3,17,
i.e., P1,1,3,17 is not almost universal.
Proposition 1.3. The form P1,1,3,17 is not almost universal.
Meanwhile, the lattice coset L+ ν corresponding to the form P1,1,3,17 has sublattice cosets that
correspond to the form P1,1,3,30r+17, for some r ∈ N. As a result, we can obtain a family of forms
that are not almost universal. In particular, we prove the following theorem:
Theorem 1.4. For any non-negative integer r 6≡ 2 (mod 5), the form P1,1,3,30r+17 is not almost
universal.
The content of the paper is structured as follows. In Section 2, we give a brief introduction to
the tools we use in later sections. In Section 3, we deal with the local conditions, that is, we prove
Propositions 3.1 and 3.2. In Section 4, we prove Theorem 1.1. Finally, in Section 5, we prove
Proposition 1.3, and its generalisation, Theorem 1.4. We also explicitly construct infinite subsets
of N that are not represented by these forms.
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2. Preliminaries
In this section, we give a brief introduction to mathematical tools that are utilised in the proofs.
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2.1. Modular forms. Firstly, we fix some notation. Let H be the upper half complex plane,
consisting of τ ∈ C with Im(τ) > 0; and γ = ( a bc d ) be a matrix in SL2(Z) (the group of 2-by-2
matrices with integral entries and determinant 1). Then, we can define a group action of SL2(Z)
on H, by the transformation γτ := aτ+bcτ+d . Define also j(γ, τ) := cτ + d.
Also, for a subgroup Γ ∈ SL2(Z) and weight k ∈ R, a multiplier system is a function χ : Γ → C
such that for all γ,M ∈ Γ, we have
χ(Mγ)j(Mγ, τ)k = χ(M)j(M,γτ)kχ(γ)j(γ, τ)k .
We can then define the slash operator as:
f |k,χγ(τ) = χ(γ)
−1j(γ, τ)−kf(γτ).
A modular form of weight k ∈ R with multiplier system χ on a subgroup Γ ⊆ SL2(Z) is a
holomorphic function f : H→ C satisfying these criteria:
(a) For every γ ∈ Γ, we have
f |k,χγ(τ) = f(τ);
(b) f is bounded towards every cusp (i.e. images of i∞ by SL2(Z)). In other words, for every
cusp ̺, let γ̺ be the element in SL2(Z) that maps i∞ to ̺, then the function f̺ = f |k,χγ̺(τ)
is bounded when τ → i∞.
Furthermore, if f vanishes at every cusp (i.e. lim
τ→i∞
f̺(τ) = 0), then f is called a cusp form.
2.1.1. Half-integral weight modular forms. The modular forms of particular interest in this paper
are those with half-integral weight, that is, k ∈ 12 + N0, and on the subgroup
Γ = Γ1(N) :=
{(
a b
c d
)
∈ SL2(Z)
∣∣∣ c ≡ 0 (mod N), a ≡ d ≡ 1 (mod N)},
where N is an integer divisible by 4. The multiplier systems are given explicitly in [6, Proposition
2.1], but it can be eliminated (i.e. collapse to the trivial multiplier system) by a substitution
τ → Nτ , so we need not study them in detail.
In particular, for the modular forms concerned here, we have TN ∈ Γ for some N ∈ N, where
T = ( 1 10 1 ). Then we have f(τ + N) = f(τ). This implies f is periodic, and hence possesses a
Fourier expansion
f(τ) =
∑
n≥0
ane
2πinτ
N .
This Fourier expansion form is used throughout this paper. For simplicity, one usually adopts the
notation q := 2πiτ to simplify the expression.
2.2. Lattice Theory. An alternative approach to the problem is to make use of lattice theory.
Here we follow the notation in [4, 13]. For a lattice L, we denote the underlying quadratic space by
V = QL, and its localisation to prime p by Lp = L⊗Z Zp. Here, Lp is a Zp-lattice corresponding
to the space Vp := V ⊗Q Qp.
Given a vector ν ∈ V , we can define a lattice coset L+ ν, which simply consists of vectors in the
form x+ ν, with x ∈ L. In order to present the Siegel-Weil formula, and its conjectured extension
in [4, Conjecture 1.3], we need the notions of class, spinor genus, as well as genus of a lattice coset.
We define the class of L+ ν to be
cls(L+ ν) = the orbit of L+ ν under the action of O(V ),
the spinor genus of L+ ν to be
spn(L+ ν) = the orbit of L+ ν under the action of O(V )O′A(V ),
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and the genus of L+ ν to be
gen(L+ ν) = the orbit of L+ ν under the action of OA(V ).
Here OA(V ) denotes the adeles of O(V ). We denote by cls/ gen(L+ ν) (resp. cls/ spn(L+ ν)) the
set of class representatives of the spinor genus (resp. genus) of L+ ν.
In other words, if M + µ ∈ gen(L+ ν), then for every prime p there exists X ∈ O(Vp) such that
(M + µ)p = X(L+ ν)p. Meanwhile, O
′A(V ) denotes the adeles of O′(V ), the kernel of the spinor
norm map θ : O(V )→ Q×/Q×
2
. As introduced in [13, p. 137], let X ∈ O(V ) be a composition of
symmetries τ1τ2 · · · τk, the spinor norm of X is defined to be
θ(X) :=
k∏
i=1
Q(τi)Q
×2 ,
where Q stands for the corresponding quadratic form in the quadratic space.
As the quadratic forms that are dealt with in this paper are diagonal, the lattice cosets L + ν
and L− ν represent the same numbers. Hence, different from the notations set in [13, 15], we use
O(V ) instead of SO(V ) as the definition of cls(L+ ν), reducing the number of classes by half.
2.2.1. Hilbert Symbols and Hasse Algebra. Here we adopt the definition in [14]. For prime p, and
two nonzero elements a, b ∈ Qp, we define the Hilbert symbol (a, b)p as follows:
(a, b)p =
{
1 if ax2 + by2 = 1 is solvable in Qp,
−1 otherwise.
For odd p, there is a simple formula for the computation of the Hilbert symbols. Write a = pαu, b =
pβv, where u, v ∈ u, the set of units in the ring of integers o(Qp) of Qp. Then we have
(a, b)p = (−1)
αβ p−1
2
(u
p
)β(v
p
)α
, (2.1)
where the brackets stand for the Legendre symbol.
With Hilbert symbol, we can then define the Hasse symbol for a regular quadratic space V ≡
〈a1, · · · , an〉 to be
SpV =
∏
i<j
(ai, aj)p.
Then, for a ternary regular quadratic Qp-space V ∼= 〈a, b, c〉, it is known that [14, Proposition 4.21]
V is isotropic ⇔ SpV = (−1,−dV )p, (2.2)
where dV stands for the discriminant of V .
3. Local Conditions
In this section, we find the criteria on a, b, c,m such that every congruence class is represented.
Consider the equation
n = apm(x) + bpm(y) + cpm(z). (3.1)
We can obtain a positive definite quadratic form by completing the square, which we denote by Q′:
8(m− 2)n + (a+ b+ c)(m− 4)2 = aφm(x)
2 + bφm(y)
2 + cφm(z)
2
: = Q′(φm(x), φm(y), φm(z)), (3.2)
where φm(x) := 2(m− 2)x− (m− 4).
We then prove the following propositions on the p-adic representations:
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Proposition 3.1. For any odd prime p, Pa,b,c,m represents every integer p-adically, if and only if
one of the following holds:
(1) m ≡ 2 (mod p), and p ∤ gcd(a, b, c);
(2) m 6≡ 2 (mod p), p ∤ a, p ∤ b and p ∤ c; or
(3) m 6≡ 2 (mod p), p divides exactly one of a, b, c (without loss of generality we assume p|c),
and if pq||c with q odd, then (
a
p
)
=
(
− b
p
)
has to hold as well.
Proof.
(1) Write m−2 = pqr, with p ∤ r. Wlog assume p ∤ c. Expanding equation(3.2) modulo pk, and
subtracting (a+ b+ c)(m− 4)2 from both sides, we obtain
8pqrn ≡ 4(ax2 + by2 + cz2)p2qr2 − 4(m− 4)(ax + by + cz)pqr (mod pk).
dividing through pq gives
8rn ≡ 4(ax2 + by2 + cz2)pqr2 − 4(m− 4)(ax+ by + cz)r (mod pk−q).
Since p ∤ 4(m − 4)r, the term 4(m − 4)(ax + by + cz)r runs through every residue classes
modulo p. Hence, for some c0 ∈ Z, the equation
8rn ≡ 4(ax2 + by2 + cz2)pqr2 − 4(m− 4)(ax+ by + cz)r (mod p)
is satisfied. Then, by replacing c0 with c0 + c1p for some c1 ∈ Z, the equation
8rn ≡ 4(ax2 + by2 + cz2)pqr2 − 4(m− 4)(ax+ by + cz)r (mod p2)
can be satisfied. Repeating this until the power of p reaches k implies the statement.
(2) When m 6≡ 2 (mod p), we have Q′ ∼= 〈a, b, c〉. Computing the Hilbert symbols yields
SpQ
′ = (a, b)p(a, c)p(b, c)p = 1 = (−1,−abc)p.
So Q′ is isotropic and hence universal in Qp.
(3) Wlog assume c = pqu, where u ∈ u. Computing the Hilbert symbols yields
SpQ
′ = (a, b)p(a, c)p(b, c)p =
(a
p
)q( b
p
)q
,
while
(−1,−abc)p =
(−1
p
)q
.
Hence, Q′ is universal in Qp if and only if(a
p
)q( b
p
)q
=
(−1
p
)q
,
which trivially holds for q even, and is equivalent to the stated extra condition when q is
odd.

Meanwhile, for p = 2, the permissible combinations of (a, b, c,m) are less clearly given, but we
can determine whether there is a local obstruction by finite checking.
Proposition 3.2. For p = 2, we have the following:
(1) If 4 ∤ m, then Pa,b,c,m has no local 2-adic obstruction if and only if 2 ∤ gcd(a, b, c).
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(2) If 4|m, then Pa,b,c,m has no local 2-adic obstruction if and only if (a, b, c) (mod 8) is one of
the following tuples (wlog we assume |a| ≤ |b| ≤ |c|):
± (1, 1, 3) ± (1, 1, 6) ± (1, 1, 7) ± (1, 2, 5) ± (1, 2, 7) ± (1, 3, 3)
± (1, 3, 5) ± (1, 3, 7) ± (2, 3, 3) ± (2, 3, 5) ± (3, 3, 5)
Proof. For odd m, the result is trivial, by expanding equation (3.2) modulo 2k.
For m ≡ 2 (mod 4), then φm(x) ≡ 2 (mod 4). Then we can divide both sides (3.2) by 4:
2(m− 2)n+ (a+ b+ c)
(m− 4
2
)2
= a
(φm(x)
2
)2
+ b
(φm(y)
2
)2
+ c
(φm(z)
2
)2
. (3.3)
Then the result is easy to see by expanding equation (3.3) modulo 2k.
If 4|m, then 4|φm(x). Then, we can divide both sides of the equation by 16:(m− 2
2
)
n+ (a+ b+ c)
(m− 4
4
)2
= a
(φm(x)
4
)2
+ b
(φm(y)
4
)2
+ c
(φm(z)
4
)2
.
Notice that φm(x)/4 runs through all congruence classes modulo 2
k. So the problem becomes
whether
ax2 + by2 + cz2 ≡ s (mod 2k)
is solvable for every value of s and for all k ∈ N.
This problem can be solved by showing the existence of a solution that can be lifted for some
k ∈ N. By computation, the smallest k that works for all the cases is k = 5. Checking the
permissible combinations yields the list shown in the proposition statement. 
With the two propositions above, given any form Pa,b,c,m, we can easily check if there is a local
obstruction. In particular, it suffices to check for local obstructions for p = 2 as well as prime
divisors of a, b, c.
4. Generating Modular Forms
The aim of the section is to prove Theorem 1.1. Here we assume the form Pa,b,c,m has no local
obstructions. To start with, we write N := 2(m − 2), ℓn = 8(m − 2)n + (a + b + c)(m − 4)
2, and
r(ℓn) be the number of solutions (x, y, z) to equation (3.2). Consider the generating function:
Θ(τ) =
∑
n≥0
r(ℓn)q
ℓn
2N .
From [6, Proposition 2.1], the theta function
θ(τ) =
∑
x≡−(m−4) (mod N)
q
x2
2N
is a weight 1/2 modular form on Γ1(4(m − 2)) with some multipliers. By the transformation
θa(τ) = θ(aτ), we obtain that
θa(τ) =
∑
x≡−(m−4) (mod N)
q
ax2
2N
is a weight 1/2 modular form on Γ1(2aN) with some multipliers. Hence, the product
Θ(τ) = θa(τ)θb(τ)θc(τ) =
∑
x,y,z≡−(m−4) (mod N)
q
ax2+by2+cz2
2N (4.1)
is a weight 3/2 modular form on Γ1(2wN), where w := lcm(a, b, c), with some multipliers.
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We follow the approach of Haensch and Kane [4], and decompose Θ(τ) into three parts:
Θ(τ) = E(τ) + U(τ) + f(τ), (4.2)
where E is a linear combination of Eisenstein series, U is a linear combination of unary theta
functions, and f(τ) is a cusp form that is orthogonal to unary theta functions. Clearly, each part
has the same modularity as Θ(τ).
4.1. Coefficients of Eisenstein series. Let Q(x, y, z) be a ternary quadratic form, and N be
an infinite subset of N. A prime p is called anisotropic if the equation Q(x, y, z) = 0 has no non-
trivial solutions in Zp, the ring of p-adic integers. Kane and Sun [5] showed that if N has bounded
divisibility at every anisotropic prime (i.e. for all anisotropic primes pi, there exists corresponding
indices ki such that p
ki
i ∤ n for all n ∈ N ), then the n-th Fourier coefficient of the Eisenstein series
E corresponding to the quadratic form (as defined by Siegel-Weil formula) is greater than n1/2−ǫ
for sufficiently large n ∈ N . To establish a lower bound of Fourier coefficients of E , we need the
following lemma:
Lemma 4.1. If the form Pa,b,c,m has no local obstructions, then the set
N ′ := {8(m− 2)n+ (a+ b+ c)(m− 4)2|n ∈ N}
has bounded divisibility at every anisotropic prime for the quadratic form Q′(x, y, z) := ax2+ by2+
cz2.
We prove Lemma 4.1 in a series of lemmas below, where we consider different cases depending
on the divisibility of abc and m − 2 by the given primes. For any prime p and k ∈ N, a solution
(x0, y0, z0) ∈ (Z/p
kZ)3 to Q′(x, y, z) = n (mod pk) is called primitive if gcd(x0, y0, z0) is relatively
prime to p and imprimitive otherwise. Clearly, if p is anisotropic, then the equation
Q′(x, y, z) ≡ 0 (mod pk)
can have no primitive solutions for large enough k. Therefore, to show that p is not anisotropic, it
suffices to show that a primitive solution exists for every k ∈ N. Our strategy to prove Lemma 4.1
is to prove that for every prime p, either
(i) Q′ is isotropic in Qp;
(ii) there exists a primitive solution to Q′(x, y, z) ≡ 0 (mod pk) for every k ∈ N; or
(iii) N ′ has bounded divisibility at p.
We begin by considering the case when p ∤ abc.
Lemma 4.2. If p is odd and p ∤ a, b, c, then p is not anisotropic.
Proof. Invoking (2.2), we obtain that
SpQ
′ = 1 = (−1,−dQ′)p.
Hence Q′ is isotropic in Qp, so p is not anisotropic. 
Lemma 4.3. If p is odd, m 6≡ 2 (mod p), p divides exactly one of a, b, c (without loss of generality
we assume p|c), and (
a
p
)
=
(
− b
p
)
when pq||c with q odd, then p is not anisotropic.
Proof. Assuming the conditions, we obtain that
SpQ
′ =
(a
p
)q( b
p
)q
=
(−1
p
)q
= (−1,−dQ′).
Hence p is not anisotropic. 
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Lemma 4.4. If p is odd, m ≡ 2 (mod p), p|abc and p ∤ gcd(a, b, c), then p is either not anisotropic
or N ′ has bounded divisibility at p.
Proof. Wlog we assume p|c. If p ∤ a+ b, then it is easy to check that for all n ∈ N ′, we have p ∤ n,
and hence we have a bounded divisibility at p. The other possibility is a ≡ −b (mod p). Then, for
any k ∈ N and r ∈ Z, we can always find x, y relatively prime to p such that
ax2 + by2 ≡ rp (mod pk).
Hence we obtain a primitive solution to Q′(x, y, z) ≡ 0 (mod pk). 
Lemma 4.5. If 4 ∤ m, then 2 is not an anisotropic prime, or N ′ has bounded divisibility at 2.
Proof. For the case 4 ∤ m, if 8 ∤ a + b + c, then N ′ has bounded divisibility at 2. Meanwhile, if
8|a+ b+ c, the assumption that Pa,b,c,m has no local obstructions implies that exactly one number
among a, b, c is even (wlog we assume 2|c). Clearly, we have a primitive solution to Q′(x, y, z) ≡ 0
(mod 8), namely (1, 1, 1). Notice that for odd a, the congruence equation
ax2 ≡ 8r + a (mod 2k)
has an odd solution for x for all r ∈ Z and k ∈ N. This implies that Q′(x, y, z) ≡ 0 (mod 2k) has
a primitive solution for all k ∈ N. 
Lemma 4.6. If 4|m, and Pa,b,c,m has no local 2-adic obstruction, then 2 is not an anisotropic
prime.
Proof. For the case 4|m, the assumption that Pa,b,c,m has no local obstructions implies that a, b, c
must be congruent modulo 8 to one of the tuples listed in Proposition 3.2. Similar to the case
above, at most one number among a, b, c is even (wlog we assume 2|c); and by direct checking, for
every relevant a, b, c, we also have a primitive solution to Q′(x, y, z) ≡ 0 (mod 8). Using the same
argument as in the 4 ∤ m case, we obtain that Q′(x, y, z) ≡ 0 (mod 2k) has a primitive solution for
all k ∈ N. 
Proof of Lemma 4.1. As Lemma 4.2 to 4.6 covers all forms without local obstructions, Lemma 4.1
directly follows. 
Using Lemma 4.1, we can conclude that Fourier coefficients of E is greater than ℓ1/2−ǫ for all
sufficiently large ℓ that are supported (i.e. ℓ = ℓn for some n, so that the coefficients are not
trivially zero). Also, Duke’s work [9] implies that the ℓ-th Fourier coefficients of f do not exceed
ℓ3/7+ǫ for large enough ℓ. Hence, if U is identically zero, then the form Pa,b,c,m is almost universal.
With the lemma, we are ready to prove Theorem 1.1:
Proof of Theorem 1.1. We know that U is a linear combination of unary theta functions, which are
of this form:
ϑh,t,N(τ) :=
∑
r≡h (mod 2N
t
)
rq
tr2
2N , (4.3)
where h may be chosen modulo 2N/t, and t is a squarefree divisor of 2N .
By splitting ϑh,t,N (τ) into two parts:
ϑh,t,N(τ) = ϑh,t,N(τ)
+ + ϑh,t,N (τ)
− :=
∑
r≡h (mod 2N
t
)
r>0
rq
tr2
2N +
∑
r≡h (mod 2N
t
)
r<0
rq
tr2
2N,
we observe that the negative Fourier coefficients of ϑh,t,N(τ)
− have a growth rate greater than
ℓ1/2−ǫ, which cannot be compensated by f . Also, we observe that the Fourier coefficients of Θ(τ)
are non-negative, so the powers at which ϑh,t,N(τ)
− has nonzero coefficients must coincide with
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the powers at which E has nonzero (positive) coefficients. Hence, such unary theta functions must
satisfy
ℓn = tr
2 ≡ 0 (mod t),
which implies
ℓn = 8(m− 2)n+ (a+ b+ c)(m− 4)
2 ≡ 0 (mod t).
As t is squarefree, any square factors in ℓn must come from r, and can be divided through. So we
can write ℓn = sℓ
′
n, where s is the square part of ℓn, and then we have t|ℓ
′
n. Now, as t divides both
ℓ′n and 2N = 4(m− 2), and is squarefree, so t satisfies:
t
∣∣ gcd (4(m− 2), ℓ′n).
Hence, we have a finite (and usually small) set T of possible values of t. For each t, we check if
there exists n, r ∈ N such that tr2 = ℓn. In particular, we check where the following congruence
equation
tr2 ≡ (a+ b+ c)(m − 4)2 (mod 8(m− 2))
is solvable. If the congruence equation is not solvable for all possible values of t, we can conclude
that U is zero, and hence the form Pa,b,c,m is almost universal. 
4.2. A worked example.
We consider the form Pm := pm(x) + pm(y) + 3pm(z). The only prime factor among the weights
is 3, and we have (1
3
)
6=
( − 1
3
)
.
By Theorem 3.1, there is a local obstruction modulo 9 for m 6≡ 2 (mod 3). Meanwhile, by Theorem
3.2, we conclude that there are no local obstruction modulo 2k for any value of m.
Hence, the form Pm has no local obstruction if and only if m ≡ 2 (mod 3). In this case, we have
ℓn = 8(m− 2)n+ 5(m− 4)
2.
So, the value of t is restricted by
t
∣∣∣ gcd(4(m− 2), 8(m− 2)n + 5(m− 4)2
s
)
.
By simple calculation, we have T = {1, 5} for m ≡ 2 (mod 5) and T = {1} otherwise.
For t = 1, the relevant congruence equation is
r2 ≡ 5(m− 4)2 (mod 8(m− 2)).
If 4 ∤ m, then this is clearly not solvable, by consider modulo 8. Meanwhile, if 4|m, it is solvable if
and only if (m−2)/2 is a product of primes that are congruent 1 or 4 modulo 5 (so that (5/pi) = 1).
However, as we has already assumed m ≡ 2 (mod 3), this implies (m− 2)/2 is divisible by 3, and
hence it is not solvable either.
For t = 5, the relevant congruence equation is
5r2 ≡ 5(m− 4)2 (mod 8(m− 2)),
which is solvable, hence we cannot conclude anything for m ≡ 2 (mod 5) with this method.
Thus, we conclude that for m ≡ 2 (mod 3) and m 6≡ 2 (mod 5), the form Pm is almost universal.
5. Missing Representations of the Spinor Genus
In this section, we propose an algorithm which can be used to show that some specific forms
Pa,b,c,m are not almost universal. This section closely follows the approach introduced in Section 5
of [4], and serves as its generalisation.
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5.1. A special case. For an individual case, we can verify the conjecture 1.2:( ∑
M+µ∈cls/ spn(L+ν)
ω−1M+µ
)−1 ∑
M+µ∈cls/ spn(L+ν)
ΘM+µ
ωM+µ
= Espn(L+ν) + Uspn(L+ν)
and find out the unary theta function in the conjecture. If the Fourier coefficients of the unary theta
functions exactly cancels that of the Eisenstein for infinitely many coefficients, then those Fourier
coefficients of the weighted sum are zero. Since the Fourier coefficients of the theta functions are
non-negative, we can conclude that those Fourier coefficients of our generating functions are zero,
proving that it is not almost universal. Here we work on the form Pm as described in Section 4.2.
Specifically, we prove Proposition 1.3, in a more concrete form:
Proposition 5.1. The form P17 = p17(x)+p17(y)+3p17(z) is not almost universal. In particular,
P17 does not represent n whenever
120n + 845 = 5ℓ2,
where ℓ is a prime that is congruent to 1 or 19 (mod 30).
An alternative way to write the quadratic form (3.2) is to make use of a shifted lattice. By
substituting (a, b, c,m) = (1, 1, 3, 17), we obtain:
L := 〈302, 302, 3 · 302〉, ν := −
13
30
(e1 + e2 + e3),
where {e1, e2, e3} is the standard basis. For simplicity, we shall write the cosets by their coordinates
with respect to this standard basis. Then, we can rewrite equation (3.2) in terms of a quadratic
form
120n + 845 = QL(ω + ν), (5.1)
where QL〈30
2, 302, 3 · 302〉, ω ∈ Z3. We now proof a small lemma about the genus of L+ ν:
Lemma 5.2. Every lattice coset in the genus of L+ ν can be written in the form L+ µ for some
vector µ such that 30µ ∈ L.
Proof. By definition, if M + µ ∈ gen(L + ν), then for every p there exists Xp ∈ O(Vp) such that
Xp(M + µ)p = (L+ ν)p.
For p 6= 2, 3, 5, we have
Mp + µ = (M + µ)p ∼= (L+ ν)p = Lp.
This implies Mp + µ is actually a lattice, that is, µ ∈Mp. Hence Xp(Mp) = Lp.
Meanwhile, for p = 2, 3 or 5, since Xp(M +µ)p = (L+ν)p, we know that Xp(µ) = α+ν for some
α ∈ Lp. Note that pν ∈ Lp, and hence Lp + pν = Lp. Then, we have
Xp(Mp + pµ) = Xp(Mp + µ) + (p− 1)Xp(µ) = (Lp + ν) + (p− 1)(α + ν) = Lp + pν = Lp.
This gives pµ ∈Mp, and hence Xp(Mp + pµ) = Xp(Mp) = Lp.
As L is the only class in its genus, Xp(Mp) = Lp for all p impliesM ∼= L. Also, asMp+30µ = Mp
for every p, we have 30µ ∈M ∼= L. Hence the result. 
Via direct computation, we obtain a list of the possible values of µ. There are in total 26 classes
in the genus of L+ ν. To proceed, we rely on the following result:
Lemma 5.3. The genus of L+ ν splits into two spinor genera, each containing 13 classes.
Proof. This result can be shown by direct computation of the spinor norm of the element in
O(V )O′A(V ) that maps L+ ν to L+ µ. In particular, we find a map X = (X2,X3, · · · ,Xp, · · · ) ∈
O(V )O′A(V ) such that Xp(Lp + ν) = Lp + µ for all p.
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For primes other than 2, 3, 5, we have
Lp + µ = Lp = Lp + ν.
So it suffices to find X2,X3,X5. For example, for µ =
1
30 (7e1 + 7e2 + 13e3), the map taking L+ ν
to L + µ is given by X = (X2,X3, · · · ,Xp, · · · ) = (id, id, τe1 ◦ τe2 , · · · , id, · · · ). As Q(e1)/Q
2 =
Q(e2)/Q
2 = 1, it is clear that X ∈ O′A(V ) ⊆ O(V )O
′
A(V ). The other classes are then classified
similarly into the two spinor genera, and the explicit computation is omitted here. 
With these lemmas, we can establish the following result:
Proposition 5.4. We have
Θspn(L+ν)(τ) = Egen(L+ν)(τ)−
ϑ′(τ)
36
, (5.2)
where Egen(L+ν) is the Eisenstein series obtained by Shimura’s generalised Siegel-Weil formula (equa-
tion (1.6)), and
ϑ′(τ) =
∑
n≡1 (mod 6)
nq5n
2
is a unary theta function.
Proof. The valence formula states that a weight k modular form on a congruence subgroup Γ can
be uniquely determined by the first
k
12
[SL2(Z) : Γ]
coefficients of its Fourier expansion, where [SL2(Z) : Γ] denotes the index of Γ in SL2(Z). For our
case, the forms in equation (5.2) are all modular on the congruence subgroup Γ1(4 · 3 · 30
2); and
the index [SL2(Z) : Γ1(N)] is given by the following formula [10, p. 2]:
[SL2(Z) : Γ1(N)] = N
2
∏
p|N
(1− p−2). (5.3)
With this, we can find the number of terms we need, by a simple substitution:
1
8
(10800)
( 3
4
)(8
9
)(24
25
)
= 9331200.
So we can confirm that the two sides are indeed equal, by checking the first 9331200 terms of the
Fourier expansions, which can be easily done with a computer. 
The Fourier coefficients of the unary theta function in equation (5.2) is explicit, while that of the
Eisenstein series is less so. In order to show that their coefficients indeed cancel out each other for
infinitely many terms, we need the following lemma:
Lemma 5.5. Let ℓ be a prime that is congruent to either 1 or 19 modulo 30. Then, the 5ℓ2-th
coefficient of Egen(L+ν) is ℓ/36.
Proof. This proof adopts the approach introduced in [4]. We firstly introduce the sieve operator
SN,ℓ, which acts on Fourier series of the form
f(τ) =
∑
n≥0
anq
n
by the transformation
f |SN,ℓ(τ) =
∑
n≥0
n≡ℓ (mod N)
anq
n.
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Now consider the number of representations of 120n + 5 by the quadratic form
Q(x, y, z) := x2 + y2 + 3z2. (5.4)
We can classify these representations into two categories:
(a) 5|x, 5|y, 5|z; and
(b) everything else.
By equation (1.6), the coefficients of Egen(L+ν) is the sum of the coefficients of shifted theta series
in the genus of L + ν, which counts the number of category (b) representations of the quadratic
form (5.4), up to multiplication of a scalar.
Here we define Θˆ := Θ2(τ)Θ(3τ), where Θ(τ) :=
∑
n∈Z q
n2 is the Jacobi theta function. Referring
back to Shimura’s generalised Siegel-Weil formula (equation (1.6)), we easily obtain the following
equation:
Θˆ(τ)|S120,5 = 576Egen(L+ν) + Θˆ(25τ)|S120,5. (5.5)
In the equation above, the term 576Egen(L+ν) counts the number of category (b) representations,
while the term Θˆ(25τ)|S120,5 counts the number of category (a) representations. Clearly, if k ∈ N is
not divisible by 25, the k-th coefficient of Θˆ(25τ)|S120,5 is zero. In particular, the 5ℓ
2-th coefficient
of Θˆ(25τ)|S120,5 is zero. Hence, the 5ℓ
2-th coefficient of Egen(L+ν) is concisely determined by the
number of representations of
x2 + y2 + 3z2 = 5ℓ2. (5.6)
By [11, Theorem 86], the number of representations of the quadratic form (5.6) is given by
16H(15ℓ2), where H is the Hurwitz class number. By the class number formula [12, Corollary
7.28], we have
H(15ℓ2) =
h(−15)
2
+
h(−15ℓ2)
2
= 1 + ℓ−
( − 15
ℓ
)
,
where (−15/ℓ) is the Kronecker symbol. In particular, for ℓ ≡ 1, 19 (mod 30), we have (−15/ℓ) = 1,
and hence we have H(15ℓ2) = ℓ.
Here we write E5ℓ2 as the 5ℓ
2-th coefficient of Egen(L+ν). Then, by equation (5.5), we have
16ℓ = 16H(15ℓ2) = 576E5ℓ2 ,
which gives
E5ℓ2 =
16ℓ
576
=
ℓ
36
.

With Lemma 5.5, we are finally able to prove Proposition 5.1:
Proof of Proposition 5.1. Consider the 5ℓ2-th coefficients of equation (5.2).
Since ℓ ≡ 1 (mod 6), the 5ℓ2-th coefficient of ϑ′(τ) is ℓ; meanwhile, Lemma 5.5, states that the
5ℓ2-th coefficient of Egen(L+ν) is ℓ/36. Therefore, the 5ℓ
2-th coefficient of Θspn(L+ν) is
ℓ
36
−
ℓ
36
= 0.
As Θspn(L+ν) is a weighted sum of some theta series ΘL+µ, whose coefficients are numbers of
representations, which are non-negative, we can conclude that the 5ℓ2-th coefficient of every term
in this sum is zero. In particular, the 5ℓ2-th term of ΘL+ν is zero, which implies that there exists
no ω ∈ Z3 that satisfies
Q(ω + ν) = 5ℓ2.
By substituting the parameters of P17 into equation (5.1), we obtain the criterion for which n is
not represented by P17 as stated. 
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5.2. A slight generalisation. With Proposition 5.4 and Lemma 5.5, we can actually prove more
than a single form being not almost universal. Building off from them, we obtain a proof for
Theorem 1.4, in the form of the following proposition:
Proposition 5.6. For any non-negative integer r 6≡ 2 (mod 5), the form P30r+17 := p30r+17(x) +
p30r+17(y) + 3p30r+17(z) is not almost universal. In particular, P30r+17 does not represent n when-
ever
8(30r + 15)n + 5(30r + 13)2 = 5ℓ2,
where ℓ is a prime that is congruent to 1 or 19 (mod 30).
Proof. We substitute m = 30r + 17 into equation (3.2):
(240r + 120)n + 5(30r + 13)2
= (60rx+ 30x− 30r − 13)2 + (60ry + 30y − 30r − 13)2 + 3(60rz + 30z − 30r − 13)2. (5.7)
Notice that the right hand side is also a quadratic form on the lattice coset L + ν. Hence, by
Proposition 5.4 and Lemma 5.5, it is clear that n is not represented by L+ ν whenever
(240r + 120)n + 5(30r + 13)2 = 5ℓ2,
where ℓ is a prime that is congruent to 1 or 19 (mod 30).
It remains to prove that there are infinitely many n that can be written in this form. This is
equivalent to the congruence equation
ℓ2 − (30r + 13)2 ≡ 0 (mod 48r + 24)
being solvable. By the Chinese remainder theorem, it is easy to check that the equation is consistent
whenever 48r + 24 is not divisible by 5, that is, r 6≡ 2 (mod 5). This finishes the proof. 
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